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ABSTRACT 

Here we show the  exis tence of a rank  2 holomorphic  vector  bundle  E on 

C2 \{0}  wi thou t  any holomorphic  r ank  1 subsheaf.  Hence, cont rary  to the  

algebraic  case, there  axe open subsets  of d imension 2 Stein manifolds wi th  

holomorphic  vector  bundles  which are not f i l t rable in any weak sense. 

0. I n t r o d u c t i o n  

By the Oka-Grauer t  principle for any Stein space W the holomorphic and the 

topological classification of complex vector bundles on W coincide ([G]). Several 

papers were devoted to the study of holomorphic vector bundles on complex 

analytic spaces. Here we study holomorphic vector bundles on C2\{0}. Any 

such bundle is trivial as a topological or differentiable vector bundle (see, e.g., 

1.1). A holomorphic vector bundle on C2\{0} is trivial if and only if it extends as 

a coherent analytic sheaf to C ~ ([Se]). There are several non-trivial holomorphic 

vector bundles on C2\{0} (see [Se], p. 372, for a rank 1 example). By an extension 

theorem for coherent sheaves due to Siu-Trautmann and Guenot-Naras imhan 

([$2], Prop. 7.1) the case "Stein two-dimensional manifold minus a discrete set" 

may be considered as the critical case. This explains our interest in the ease 

of C2\{0}. In algebraic geometry one can usually build a rank 2 vector bundle 

using only two line bundles and one zero-dimensional subscheme in the following 

w a y .  
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Let E be a rank 2 holomorphic vector bundle on the punctured plane C2\{0}. 

We will say that  E is filtrable if there exists an exact sequence 

(1) O --+ L -+ E --~ M ® I z --~ O 

with L and M holomorphic bundles on C2\{0} and Z a zero-dimensional analytic 

subspace of C2\{0}. Since C2\{0} is smooth and two-dimensional, any rank 1 

torsion free sheaf on C2\{0} is of the form M ® Iz  for some M and some zero- 

dimensional analytic subspace Z. The condition "E locally free" forces Z to be 

locally given by two equations, i.e., to be locally a complete intersection. 

The aim of this paper is to prove the following result. 

THEOREM 0.1: There exists a non-filtrable rank 2 holomorphic vector bundle on 

The exponential sequence classifies all line bundles C2\{0}: they are 

parametrized bijectively by the infinite-dimensional vector space 

H1(C2\{0},  Oct\{0))  (see 1.1). The set of all rank 2 vector bundles E fitting in 

the exact sequence (1) may be considered known in terms of L, M and Z (see 

1.7). Even the possible triples (L, M, Z) for which there is an exact sequence (1) 

with E locally free may be considered known (see 1.7). However, Theorem 0.1 

shows that  this information does not give the full picture. 

ACKNOWLEDGEMENT: We thank 3. Winkelmann for precious help. The author 

was partially supported by MURST (Italy). 

1. P r o o f  o f  0.1 

Let O be the coherent sheaf of holomorphic functions on any open subset of C 2. 

(1.1) Here and in 1.2, ..., 1.8 we collect a few remarks on vector bundles on 

C2\{0} or the punctured bidisk A2\{0} or A x C{(0,0)}. Hence here X will 

denote either C2\{0} or A2\{0} or A x C\{(0,  0)} and set X + := C 2 in the first 

case, X + := A2 in the second case and X + := A × C in the third case. Hence 

X is homotopically equivalent to S 3. Every holomorphic vector bundle on X is 

topologically trivial; indeed taking a hermitian metric, the structural group of 

any such bundle may be reduced to U(n); by [nu], Cor. 8.4, the U(n)-bundles on 

S 3 are classified by 7r2(U(n)) and this homotopy group is trivial by [Hu], 12.4. 

Let F be a holomorphic vector bundle on X. Since every holomorphic vector 

bundle on C 2 or on A2 or on A x C is trivial by the Oka-Grauert principle 
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([G]), F extends across {0} as a holomorphic vector bundle if and only if it is 

trivial; since a reflexive sheaf on a two-dimensional complex manifold is locally 

free ([Ha], Cor. 1.2 and Prop. 1.9), F extends over {0} as a holomorphic vector 

bundle if and only if it extends as a coherent sheaf; this is the case if and only 

if F[(U[{0}) is spanned by its global sections for some small neighborhood U of 

{0} ([Se], Th. 1); this is not always the case, even for line bundles ([Se], p. 372). 

Now we study the case rank(F)  = 1. From the exponential exact sequence we 

obtain Hi(X,  0") -~ H i ( x ,  0).  HI(X, O) is an infinite-dimensional complex 

vector space (see [CR], pp. 130-131, for its complete description in the case 

X = C2\{0}; even i f X  = A2\{0} the cohomology group Hi(X,  O) is an inifinite- 

dimensional vector space for the following reason; let U be an open subset of C2; 

we have H2(U, Ou)  = 0 ([S1]), while H~(U, Ou) has infinite dimension if U is 

not Stein ([Co], Th. 1.1, and [B], Cor. on p. 657)). Thus Pie(X) ~ Hi(X,  O*) is 

an infinite-dimensional vector space. In particular, if L C Pie(X) and L ®t ~ 0 
for some integer t _> 2, then L ~ O. 

LEMMA 1.2: Let L be a holomorphic line bundle on X.  L is trivial if and only 
if H°(X,L)  ¢ {0}. 

Proof." If L ~ O, then H°(X,L)  TM H°(X,O)  is infinite-dimensional. Assume 

H°(X, L) ¢ {0} and take s e H°(X, L), L ¢ O. Since X is smooth and connected, 

s defines an exact sequence 

(2) 0 -+ O -+ L --+ OD --~ 0 

with either D = 0 (i.e., s nowhere vanishing) or D an effective Cartier divisor on 

X. In the first case L ~ O by (2). Assume D ~ 0. Since D has pure dimension 

1, its closure D -  in X + defines an effective Cartier divisor D -  on X + ([$2], 

Th. 2.15). Since H2(X +, Z) = H I ( X  +, O) = 0, D -  is principal, i.e., there exists 

a holomorphic function f on X + vanishing (counting multiplicity) exactly on 

D - .  Thus f induces a local trivialization around {0} of L. Hence L is trivial. 

COROLLARY 1.3: Let E be a rank 2 vector bundle on X fitting in (1) with 
L ~ M ~ O. Then every rank 1 line bundle contained in E is trivial. 

Proof: Take R C Pic(x) such that  there is an injection j :  R -+ E as coherent 

sheaves. If j(R) is contained in the subsheaf L ~ O of E defined by (1), then 

R* is trivial by Lemma 1.2 and hence R is trivial. If  j(R) is not contained in L, 

then j induces an injection R -+ M ® I z  and, in particular, an inclusion of R 

into M = O. By Lemma 1.2, R* is trivial and hence we conclude. 
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Remark 1.4: Every Cartier divisor is the difference of two effective Cartier 

divisors. Hence Lemma 1.2 implies that O is the unique holomorphic line bundle 

on X associated to a Cartier divisor. 

(1.5) Fix any L E Pic(X) and set H : =  [z E X : z2 = 0 } .  H i s  apr incipal  

divisor and hence L ( - H )  -~ L. We have LIH ~- OH because every line bundle 

on H is trivial. If L ~ O we have Hi(X ,  L) is an infinite-dimensional C-vector 

space by the last part of 1.1. If L is not trivial we have H°(X,  L) = {0} by 1.2. 

Hence if L is not trivial, from the exact sequence 

(3) 0 --~ L ( - H )  --~ L ~ L --+ 0 

we obtain that H 1 (X, L) is an infinite-dimensional vector space. 

(1.6) Fix holomorphic line bundles L, M on X. Consider the set Ext l (X;  M, L) 

of all extension classes 

(4) O--+ L--+ E--+ M----~ O 

on X. Ex t l (X;  M, L) is an infinite-dimensionM C-vector space. Any coherent 

sheaf fitting in (4) is a rank 2 holomorphic vector bundle. 

(1.7) Fix holomorphic line bundles L, M on X and a (perhaps not reduced) 

zero-dimensional analytic subspace Z of X such that  Z is locally a complete 

intersection. Consider the set E x t l ( X ; M  ® I z , L )  of all extension classes (1) 

on X. Since at each point of Zre d the analytic space Z is locally a complete in- 

tersection of two local equations, we have Ext 1 (M @Iz, L) TM L @ M*® O z  ---- Oz .  

By the local-to-globM spectral sequence for the Ext-functor we have 

Ex t t (X;  M ® Iz ,  L) ~- Hi (X ,  L ® M*) @ Oz.  Using this decomposition of the 

global Ext-functor we see that the extension (4) defines a locally free sheaf E if 

the corresponding extension has a component generating Oz  ([Ca]). By 1.5 and 

the last part of 1.1 (case L --- M) the cohomology group H I ( X , L  @ M*) is an 

infinite-dimensional vector space. 

(1.8) Fix any rank 2 vector bundle E on X fitting in an exact sequence (4). 

Let R be a holomorphic line bundle on X such that there exists a holomorphic 

map u: R --~ E with u(R) not contained in L. Then u induces a non-zero map 

v: R --~ M ® I z .  By 1.2 we obtain R ~ M and that Z is contained in an effective 

Cartier divisor, D, on X. Such D extends across {0} ([$2], Th. 2.15); call D + its 

closure in X +. Lemma 1.9 below shows that this is a restrictive condition on Z. 
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LEMMA 1.9 (J. Winkelmann):  Fix complex numbers a l  and a2 with 0 < Io~1[ ~ 

[a2[ < 1 and set Z :=  {(a~,ak2)}keZ C C2\{0}.  There exists a holomorphie 

function on C2\{0}  vanishing on Z i f  and only i f  there are positive integers a, b 

with c~ = ~. 

Proof'. If  a~ = a b, just  take f ( z l ,  z2) = z~ - z b. Now assume that  there are 

no such integers a, b. Every holomorphic function on C2\{0}  extends to C 2 

and Z [3 {0} is the closure of Z in C 2. Assume the existence of a holomorphic 

function f on C 2 with f ( Z )  = {0}. Choose a real number  c such tha t  lal I c = [a21. 

For each monomial  k x z~ z 2 we associate a weight k + cx. This is mot ivated by the 

observation tha t  I(a?)k(a~)xl  = la?] (k+cx). We have f ( z l ,  z2) = ~ R  fT, where 

for every real number  r, f~ is the sum of all monomials  of  weight r contained 

in the power series expansion of f .  Thus Ifr(c~?,a~) I = grlc~l] n~ for some real 

constant  K~. We claim tha t  K~ = 0 for every r. If  the claim is not true, there is 

a smallest real number  r '  with K~, > 0. If  n is large enough, the te rm fr, would 

dominate  all other terms at points near (0, 0) and then K~, > 0 would contradict  

the assumption f ( Z )  = {0}. Thus K~ = 0 for every r, i.e., f~(Z)  = {0} for every 

r. I f  f~ is the sum of at most  one monomial ,  f~(Z)  = {0} implies fT -- 0. If  c 

is not  rational,  each fr  consists of at most  one monomial.  Thus we may assume 

c rational, say c = p /q  for some positive integers p, q. Thus Ic~1] c = Ic~21 means 

]c~1] p = la2]. Let s, t be complex numbers  with t q = a and tPs = b. For each 

r we have 0 = f r (O~ , (~  ~) = ~-~-k+cx=r ~ k,~ bxn t~kxO:l 012 = ~ q k + p x = q r  a k x t q r s x n  = 

~-~qk+px=qrakx tqrsxn = ~÷qr(~-~kA-~qk+px=qr ~'k~° j. H e n c e  ~ q k + p x  a k ~ s ~  = 0 for 

every integer n. By the usual results on Vandermonde determinants ,  this may 

happen only if either all ak~ vanish or some of the s x coincide. In the first case 

we have f - -  0. In the second case s m = 1 for some integer m > 0 and hence 
pm qm 

OL 1 = O~ 2 . 

Proof  of  Theorem 0.1: Fix complex numbers  C~ 1 and a2 with 0 < ]all <_ la21 < 1 

and define g • Au t (C2 \{0})  by g(zl ,  z2) :=  (alZl ,  a2z2). Let r :  C2 \{0}  -+ Y :=  

C 2 \ { 0 } / G  be the quotient map by the group G TM Z C Au t (C2 \{0} )  generated 

by g. G acts freely on C2\{0}.  It  is known (see, e.g., [Ko2], p. 695) tha t  Y is 

a complex compact  non-algebraic surface (a so-called pr imary  Hopf  surface). Y 

has algebraic dimension a (Y )  = 1 if and only if there are positive integers a, b 

with a~ = a b ([Ko2], Th. 31); if there is no such pair of positive integers (a, b), 

then Y has algebraic dimension a (Y )  = 0. From now on we assume tha t  c~1 and 

o~2 are such that  a ( Y )  = O. Y is homeomorphic  to S 1 X S 3 ( [ K o l ] ) .  Y belongs to 

Kodaira ' s  class VII0, i.e., we have b l (Y )  = 1, h i (Y ,  O y )  -- 1 and h°(Y,  wy)  = O. 

Thus X(Oy)  = 0 and w y .  wy  = 0. Fix an integer c2 > 3 and let Z be a general 
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subset of Y with card(Z) = c2. We claim the existence of a rank 2 holomorphic 

vector bundle F on Y fitting in an exact sequence 

(5) 0 --+ Oy  --+ F --+ Iz  --~ 0. 

Since h°(Y, wy) = 0, for every subset Z' of Z with card(Z')  = card(Z) - 1, we 

have h°(Y, wv ® Iz,)  = 0 and hence the Cayley-Bacharach condition is satisfied 

([Ca]), proving the claim. Set A := 7r*(F) and T := 7r-l(Z).  Thus A is a rank 2 

holomorphic vector bundle on C2\{0} and we have the following exact sequence: 

(6) 0 --+ O --+ A -+ IT --+ 0. 

By Lemma 1.9 the closure T U {0} of T in C 2 is not an analytic set. Since 

H°(C2\{0},  O) = H ° ( C  2, O) the assumption implies that A is not trivial and 

cannot be extended to C 2. By Corollary 1.3 every line bundle contained in A is 

trivial. By Lemma 1.9, O is the subsheaf of A spanned by H°(C2\{0},  A). We 

have cl(F) '~ Ov. With the notation of [BL], p. 9, we call m(2, Ov)  a certain 

integer on Y; we assume c2 _> max{m(2, Oy) ,  5}. The proof of [BL], Wh. 5.2 (case 

a(Y) = 0) shows the existence of a flat family {Fz}~eA of holomorphic vector 

bundles on Y with special fiber F0 ~ F and with F~ irreducible for z E (A\{0}). 

Set E~ := 7r*(F~). Hence {E~}~ezx is a flat family of holomorphic vector bundles 

on C2\{0} with E0 ~ A. We want to prove that Ez is not filtrable for general 

z C A. We claim that E is not trivial for general z and we will give two proofs of 

this claim. The family {Ez}zca defines a vector bundle, A, over (C2\{0}) × A; if, 

for a thick set o fz  C A, A[(C2\{0}) × {z} extends over {0} x {z}, then A extends 

to a coherent sheaf B over C 2 × A ([$2], Prop. 7.1); hence B[C 2 × {0} extends 

E~ as a coherent sheaf; thus E0 extends across {0} as a vector bundle ([Se]), 

contradiction. Alternatively, if E~ is trivial, then it has 2 linearly independent 

G-invariant holomorphic sections and hence h°(Y, Fz) > 2, contradiction. Hence 

if for a general z the vector bundle E~ is filtrable, then E~ has a unique rank 1 

subsheaf, L~, as abstract holomorphic line bundle; since det(Ez) is trivial, then 

by 1.3, Lz is unique as saturated subsheaf of E~ if Lz is not trivial. First assume 

L~ not trivial. Notice that  each E~ comes from Y and hence it is G-invariant. 

By its uniqueness L~ is G-invariant. Since G acts freely, this implies that E~ 

descends to a rank 1 coherent subsheaf of E~. Since E~ is not filtrable, we obtain 

a contradiction. Now assume L~ trivial. Thus E~ fits in an exact sequence 

(7) 0 --+ O -+ E~ ~ Iz(~) --+ 0. 

Set B(E~) :-- {P  e C2\{0} : Ez is not spanned at P}. B(E~) is an analytic 

G-invariant subset of C2\{0}. If no non-zero section of Iz(~) lifts to a section of 
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E~, then the inclusion of O in Ez given by (7) is unique and hence G-invariant, 

contradicting the non-filtrability of Fz. Hence B(Ez)  ¢ C2\{0}. Since B(E~) 

is G-invariant and Y has no curve, B(E~) cannot contain any one-dimensional 

analytic component. Hence either B(Ez)  is discrete or B(E~) = 0. Since a(Y)  = 

0, then by Lemma 1.9, C2\{0} has no discrete non-empty G-invariant analytic 

subset. Thus B(E~) = 0, i.e., E~ is spanned. By [Se], Th. 1, Ez extends across 

{0}, i.e., Ez is trivial, contradiction. 
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